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Neutrino oscillations are at the forefront of advances in Physics beyond the Standard Model.
Increasing accuracy in measurements of the neutrino mixing matrix is an important challenge in
current experiments. It depends on parameters that do not directly correspond to observables of
the neutrino system. This type of estimation problem is handled by Quantum Estimation Theory
(QET) via the Fisher Information (FI) and the Quantum Fisher Information (QFI). In this work, we
analyze two-flavor neutrino oscillations within the framework of QET. We compute the QFI for the
mixing angle θ and show that mass measurements are the ones that achieve optimal precision. We
also study the FI associated with flavor measurements and show that they are optimized at specific
neutrino times-of-flight. Therefore, although the usual population measurement does not realize the
precision limit set by the QFI, it can in principle be implemented with the best possible sensitivity to
θ. We study how these quantifiers relate to the single-particle, mode entanglement. We demonstrate
that this form of entanglement does not enhance neither of them. In particular, this shows that
in single-particle settings, entanglement is not directly connected with the optimal precision in
metrological tasks.
PACS numbers: 03.65.Ta, 03.65.Ud, 14.60.Pq
I. INTRODUCTION
Neutrinos have been a unique source of fundamental
discoveries in Physics since their introduction by Pauli
and the development of the Fermi theory of beta decay
[1, 2]. In the Standard Model of elementary particles
they are massless [3], but the phenomena of neutrino
oscillations – proposed for the first time in 1957 by B.
Pontecorvo [4] and confirmed some decades later by the
series of experiments that culminated in [5] –, show that
they must have mass.
The theory of neutrino mixing was developed in anal-
ogy with that of quark mixing. After the initial efforts
of Pontecorvo [4], Maki, Nakagawa and Sakata gave rel-
evant contributions [6, 7] and the theory was completed
in the 70’s by Bilenky and others [1, 8]. The point is
that the mismatch between flavor and mass eigenstates
is described by a mixing matrix U which contains some
parameters – mixing angles, neutrino masses and CP vio-
lating phases – that encompass all the information about
oscillation phenomena. Hence, a precise knowledge about
the values of these parameters is essential to the compre-
hension of neutrino mixing and future developments in
this field.
However, these parameters do not directly correspond
to a physical observable of the neutrino system. There-
fore, in order to measure them one shall infer their val-
ues indirectly from the measurement of other observables.
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For example: in neutrino oscillations experiments, popu-
lation measurements are performed and the values of the
mixing angles are estimated based on their outcomes. Al-
though some parameters of the mixing matrix have been
measured over the last years [9, 10], to enhance the preci-
sion on their values – i.e., to reduce uncertainty intervals
– remains a fundamental task, and experiments are being
designed to do this in the following few years [11].
From these considerations, it follows that it is pertinent
to ask the following questions: what is the optimal preci-
sion we can achieve through population measurements in
neutrino oscillations experiments? What is the ultimate
precision limit allowed by the laws of Quantum Mechan-
ics? Is it possible to determine the observable that we
should measure in order to obtain it? These questions
are properly addressed in the framework of Quantum
Estimation Theory (QET) [12, 13], where we can deter-
mine the optimal precision that can possibly be achieved
with any (generalized) measurement scheme through the
so-called Quantum Fisher Information (QFI), and some-
times, also the measurement scheme that permits such
precision to be achieved. It necessarily corresponds from
a mathematical viewpoint to the Positive Operator Val-
ued Measure (POVM) generated by projectors over the
eigenspaces of a certain operator – the so-called Symmet-
ric Logarithmic Derivative (SLD) [14]. However, it is not
always possible to interpret these projectors as physically
meaningful observables.
In the present work, we consider two-flavor neutrino
oscillations within the framework of QET and analyze
the estimation of the mixing angle θ which characterizes
them. We will consider neutrinos produced in a definite
flavor and two types of models for the ensuing neutrino
oscillations:
21) the standard plane-wave model;
2) a “decoherence model” which takes into account
the essential feature of wave-packet models, which
is the dynamical suppression of coherences between
different neutrino mass states and the correspond-
ing damping of the flavor oscillation probability
[15].
In both cases, we will calculate the Quantum Fisher In-
formation (QFI) and the population measurement Fisher
Information (PMFI) (i.e., the FI for flavor detection),
which quantifies the sensibility of this commonly used
protocol for the estimation of θ and the maximum pre-
cision achievable with it. We will see that for models of
type (2), which is actually the relevant one for oscilla-
tion experiments, the projectors onto eigenstates of the
SLD can be physically interpreted, and direct mass mea-
surement will be shown to be the scheme which real-
izes the QFI. Moreover, we will show that the PMFI is
optimized for both models at specific neutrino times-of-
flight. Therefore, although the usual flavor measurement
is not the one which achieves the optimal precision set
by the QFI, it can in principle be implemented with the
best possible sensitivity to the desired parameter θ.
Another point that deserves attention is entanglement.
Recent works (see ref. [14] for a summary) have shown,
for example, that the use of entangled probe states in
parameter estimation tasks make it frequently possible to
reach the so-called Heisenberg-scaling, which means that
the variance of the estimator of the desired parameters
scales as var(θ) ∼ 1N2 , N being the number of trials. This
is better than the usual shot-noise scaling var(θ) ∼ 1N : it
gives smaller measurement uncertainty, for fewer trials.
This type of result would be very interesting in contexts
such as the present one of neutrino oscillations, where
the trial events – i.e., neutrino detections – are difficult.
More importantly, these papers show that the use of
entangled probe states implies on the enhancement of the
maximum precision limit achievable, optimizing the value
of the QFI. When a physical interpretation of the SLD
is available, it is thus possible to use the entanglement
as a resource leading to higher-performance parameter
estimation. However, these results were obtained in the
context of multiparticle (usually two-particle) probe sys-
tems. This makes it hard to apply them to neutrino stud-
ies: since neutrinos hardly interact one with each other in
oscillations experiments, usable entangled neutrino pairs
would be very hard to obtain in this context.
Having this in mind, we will also investigate here the
role of the single-particle, mode entanglement of Blasone
et al. [16] on the two-flavor mixing angle estimation. Due
to the “hardly interacting” character of neutrinos men-
tioned above, this is the natural form of entanglement to
consider for them (also referred to in the literature as oc-
cupation number entanglement [17]). We investigate how
it relates to the QFI and the FI for direct flavor detection.
We show that this entanglement does not enhance nei-
ther of these quantifiers. In particular, this shows that
at least in single-particle settings, entanglement is not
directly connected with the optimal precision in metro-
logical tasks.
This work is organized as follows. In the preliminary
Section 2, we review the basics of QET and set our nota-
tion for two-flavor neutrino oscillations in the plane-wave
approach. We also discuss occupation number entangle-
ment in neutrino oscillations (following Blasone et. al
[16]). Next, we consider in Section 3 the QFI and SLD
for model (1) above. We will see that in this case there
is no clear physical interpretation for the projectors onto
eigenspaces of the SLD, in such a way that it is not pos-
sible to use them to determine an optimal measurement
protocol for the mixing angle. In Section 4, we show that
this is no longer the case when one takes into account the
dynamical suppression of quantum coherence terms be-
tween the different mass eigenstates that compose the ini-
tial state. This is the main Section of the present work,
since this effect always occurs to some extent in oscil-
lation experiments. We model it by introducing in the
plane-wave model a Markovian decoherence term. It will
be given by a Lindblad operator that projects into one of
the mass eigenstates, therefore damping the coherences
between them. Solving the associated Lindblad master
equation, we show that the QFI is the same found for
model (1), but now the measurement scheme that allows
the optimal precision can be determined: it consists of
the mass measurement. The quantitative relationship be-
tween entanglement and the Fisher Information will be
analyzed for each type of model in the Section dedicated
to it. We also calculate the PMFI in each case and char-
acterize its optimization. Finally, Section 5 summarizes
the results and closes with a few concluding remarks.
II. QUANTUM ESTIMATION THEORY AND
NEUTRINO OSCILLATIONS
A. Quantum estimation theory
Estimation theory is necessary when we want to know
the value of a parameter of a physical system that does
not directly correspond to a physical observable [18]. In
this case, we make some measurements on the system
and infer the value of the parameter based on the mea-
surement outcomes. These problems are properly treated
in the framework of Quantum Estimation Theory (QET)
[12]. Basically, for a given set of measurements outcomes
χ, we look for an estimator λˆ(χ) that maps every possi-
ble outcome χ to a value λ = λˆ(χ) of the parameter we
want to estimate. A result of estimation theory is that
the variance of any estimator λˆ is bounded from below
according to the Cramer-Rao inequality [13]
V ar(λˆ) ≥ 1
MF (λ)
, (1)
whereM denotes the number of measurements and F (λ)
is the Fisher Information (FI):
3F (λ) ≡
∑
x
1
p(x|λ)
(
∂p(x|λ)
∂λ
)2
. (2)
The sum runs over all possible measurement outcomes
and p(x|λ) is the conditional probability of obtaining the
outcome x given that the value of the parameter we want
to estimate is λ.
In Quantum Mechanics, every information property of
a given measurement can be completely described by a
set {x,Πx} of measurement outcomes x and non-negative
operators Πx, such that the probability to get the value
x is Tr[Πxρ]. Here, ρ denotes the density matrix of the
system of interest [19]. Such sets are called Positive Op-
erator Valued Measures (POVM’s). When the parameter
has the value λ, the system is described by a density ma-
trix ρλ and we have
p(x|λ) = Tr[ρλΠx]. (3)
We define the Symmetric Logarithmic Derivative
(SLD) Lλ by the equation
∂λρλ ≡ 1
2
{ρλ, Lλ} . (4)
By substituting eqs. (3) and (4) into (2), the Fisher
information reads
F (λ) =
∑
x
[Re Tr(ρλΠxLλ)]
2
Tr[ρλΠx]
. (5)
From the above equation we finally get [18, 20]:
F (λ) =
∑
x
[Re Tr(ρλΠxLλ)]
2
Tr[ρλΠx]
≤
∣∣∣∣∣Tr[ρλΠxLλ]√Tr[ρλΠx]
∣∣∣∣∣
2
(6)
=
∣∣∣∣∣Tr
[ √
ρλ
√
Πx√
Tr[ρλΠx]
√
ΠxLλ
√
ρλ
]∣∣∣∣∣
2
≤
∑
x
Tr[ΠxLλρλLλ] (7)
= Tr[ρλL
2
λ].
Hence, we conclude that the FI is bounded by the so-
called Quantum Fisher Information (QFI) H(λ), defined
by
H(λ) ≡ Tr[ρλL2λ] = Tr[(∂λρλ)Lλ]. (8)
The QFI determines the highest possible precision in
the estimation of a parameter allowed by Quantum Me-
chanics. To reach that precision, one needs to saturate
both inequalities (6) and (7). It can be shown that this
happens for the POVM consisting of projectors onto the
invariant subspaces of Lλ [18]. This solves the problem
from a mathematical viewpoint, but in practice, it is not
always possible to interpret these projectors as physically
meaningful observables. Formulas for the computation of
the SLD and QFI are explained in the Appendix.
B. Two-flavor neutrino oscillations and mode
entanglement
Neutrino oscillations is the phenomenon by which neu-
trinos produced with a well defined flavor change this
property as they propagate in free space [7, 10]. This
happens because they are massive and the mass eigen-
states do not coincide with the flavor eigenstates, the
latter being a superposition of the former. Recall that in
the standard plane-wave model with only two neutrino
flavors (e.g. νe and νµ), which is a relevant approxima-
tion for several practical neutrino oscillation scenarios
[21, 22], this mixing is described by a single parameter θ
(mixing angle) through the relations [1, 10]

|νe〉
|νµ〉

 =

 cos(θ) sin(θ)
− sin(θ) cos(θ)



|ν1〉
|ν2〉

 , (9)
where H |νi〉 = Ei |νi〉 , i = 1, 2, with H being the Hamil-
tonian. We will assume in the sequence that m2 > m1.
Neutrinos are always produced in a flavor eigenstate
[10], which we will take from now on as an electron neu-
trino. Moreover, we will always work in the mass basis,
in which the evolution of such a neutrino density matrix
is
ρ =


cos2(θ)
1
2
sin(2θ)eiφ
1
2
sin(2θ)e−iφ sin2(θ)

 , (10)
where φ ≡ tδ ≡ t
(
m22 −m21
)
2E
and t is proper time. In
the experiments with ultra-relativistic neutrinos, t can
be expressed in terms of neutrino time-of-flight – i.e., the
distance traveled by the neutrino between the source and
detector.
Finally, let us quickly discuss the issue of entanglement
in neutrino oscillations. As mentioned in Section 1, the
natural form of entanglement to consider in this context
is single-particle, mode entanglement. The general idea is
very simple, and we refer the interested reader to Blasone
et al. [16, 22] for details. First, notice that we can look
at the neutrino state space Hν as the two-qubit Hilbert
space H1 ⊗H2 spanned by {|1〉1 ⊗ |0〉2 , |0〉1 ⊗ |1〉2}, by
means of the unitary equivalence defined on the mass ba-
sis by |ν1〉 7−→ |1〉1 ⊗ |0〉2 and |ν2〉 7−→ |0〉1 ⊗ |1〉2. Then,
observe that in this two-qubit representation [22] there
4is a bipartition of the space of quantum states available,
relative to which entanglement can be considered. Corre-
spondingly, a neutrino state which is entangled as a two
qubit state is said to be mode entangled. This type of
single-particle entanglement is well-studied in the Quan-
tum Information Theory literature [17], and several re-
cent works investigate its properties in the context of
neutrino oscillations (for example, [15, 23–27]). This is
the approach we will use in the sequence for entanglement
in neutrino oscillations.
III. MIXING ANGLE ESTIMATION:
PLANE-WAVE MODEL
Using the explicit form of ρ in eq. (10) and the results
from the Appendix, the SLD reads
Lθ = 2

 − sin(2θ) cos(2θ)e
iφ
cos(2θ)e−iφ sin(2θ)

 , (11)
and the QFI is
H(θ) = 4. (12)
In this case, the operator Lθ has the eigenvalues ±2
with corresponding eigenvectors
|±2〉 = 1√
2

 (1∓ sin(2θ))
1/2
±e−iφ (1± sin(2θ))1/2

 . (13)
Hence, the POVM that should be implemented in order
to achieve the best precision is given by
|±2〉 〈±2| = 1
2

 1∓ sin(2θ) ± cos(2θ)e
iφ
± cos(2θ)e−iφ 1± sin(2θ)

 . (14)
We see that there is no clear physical interpretation here
for the POVM. As discussed above, this means that the
SLD can not be used to determine an optimal measure-
ment protocol for the mixing angle. However, we stress
that this does not render the SLD useless: it is neces-
sary to compute the FI associated to specific generalized
measurements (POVMs).
For the sake of comparison, we compute the FI associ-
ated with flavor measurements, which is what one actu-
ally detects in neutrino oscillation experiments. Despite
the fact that eq. (3) is always correct, we stress that the
proper way to compute the FI is by eq. (5) (using the
result for the SLD) and not by eq. (2). This is because in
this case the POVM, and consequently the measurement
outcomes, depends directly on the parameter we want to
estimate, and in eq. (2) the derivative must be taken at
fixed values of the measurement outcomes. On the other
hand, this is exactly what is done in eq. (5). That being
said, the POVM is




cos2(θ)
1
2
sin(2θ)
1
2
sin(2θ) sin2(θ)

 ,


sin2(θ) −1
2
sin(2θ)
−1
2
sin(2θ) cos2(θ)



 ,
(15)
which gives the flavor FI
Fflavor(θ) =
4 cos2(2θ) sin2
(
φ
2
)
1− sin2(2θ) sin2
(
φ
2
) . (16)
In fig. 1, we contrast the behaviors of the FI associated
to flavor measurements and of the QFI for a few values of
the mixing angle θ. We can see that the FI for population
measurement is optimized periodically, where it becomes
equal to the QFI.
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Figure 1. (color online) Comparison between the FI associ-
ated with flavor measurements for the experimental value of
the mixing angle θ12 [9](dashed), for θ =
pi
8
(dotted) and the
QFI (solid).
To finish this section, we discuss the role played by
mode entanglement. We already know that the QFI is
constant, and therefore it definitively can not be en-
hanced by entanglement in the probe (neutrino) state.
In order to compare the behaviors of the FI and of the
amount of quantum entanglement in the state ρ(t), re-
call that entanglement in pure bipartite systems is com-
pletely characterized by either the von Neumann entropy
of one of the reduced system states, or else by any of its
monotones [28, 29]. In the present work, we will simply
rescale the von Neumann entropy so that it has the same
maximum value as the QFI. As we can see in fig. 2, en-
tanglement also does not contribute here to enhance the
precision of flavor measurements, since the local minima
of entanglement match the local maxima of the FI.
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Figure 2. (color online) Contrast between the flavor FI
(dashed) and the scaled von Neumann entropy (solid), with
the mixing angle set at the experimental value [9].
IV. MIXING ANGLE ESTIMATION:
DECOHERENCE MODEL
We now consider a model with decoherence of the neu-
trino oscillations – i.e., a model where the interference
terms between the mass eigenstates that compose the ini-
tial definite flavor neutrino are dynamically suppressed.
This is the case relevant for the neutrino oscillation ex-
periments, where this decoherence effect is observed in
practice.
To this aim, we introduce a Markovian term in the dy-
namics of the neutrinos. The reason for this is twofold.
First, given that neutrinos interact so rarely, its reason-
able to assume that the characteristic time of correlations
between the neutrinos and any environment is sufficiently
short in comparison with the typical time of their evolu-
tion, which is the starting point for a Markovian quantum
dynamics [30, 31]. Moreover, in more appropriate mod-
els of neutrino oscillations such as the wave packet model
[10, 32], the cause of decoherence in neutrino oscillations
is the separation of the wave packets of different mass
neutrinos due to their distinct group velocities. This is
equivalent to be able to identify which mass neutrino is
arriving at the detector. Therefore, although not derived
from an underlying microscopic theory of the interaction
of the neutrinos, we can incorporate these considerations
in the plane wave model by inserting a Lindbladian
A =
√
λ |ν1〉 〈ν1| , (17)
where λ > 0 is a decoherence parameter, and solving the
resulting Markovian equation in Lindblad form [31, 33]:
d
dt
ρ(t) = −i [H, ρ(t)] +Aρ(t)A† − 1
2
{
ρ(t), A†A
}
. (18)
The solution is
ρ(t) =


cos2(θ)
1
2
sin(2θ)e(iδ−
λ
2
)t
1
2
sin(2θ)e−(iδ+
λ
2
)t sin2(θ)

 . (19)
This time, observe that the eigenvalues of ρ are
β± =
1±
√
cos2(2θ) + e−λt sin2(2θ)
2
, (20)
the corresponding eigenvectors being
|β±〉 = 1√
2(1 + α2)1/4


α[
(1 + α2)1/2 ∓ 1]1/2
±e−iδt
[
(1 + α2)1/2 ∓ 1
]1/2

 ,
(21)
with α ≡ tan(2θ)e−λ2 t.
The matrix elements of ∂θρ with respect to this basis
are


〈β±| (∂θρ) |β±〉 = ∓
sin(2θ)
(
1− e−λt)√
1 + tan2(2θ)e−λt
〈β−| (∂θρ) |β+〉 = −cosec(2θ)| tan(2θ)e
−λ
2
t|√
1 + tan2(2θ)e−λt
. (22)
Inserting them into eq. (32), we obtain
Hλ(θ) = 4. (23)
The subscript λ is to remind us that in this case we are
dealing with a decoherence term in the dynamics. We see
that despite that, the QFI remains the same as the one
found for the plane-wave model in Section 3.
Although the QFI is not affected by the decoherence
term, the situation becomes very different when one con-
siders the SLD. In the present case, using eqs. (20)-(22)
and the results in the Appendix, we find
Lθ = 2

− tan(θ) 0
0 cot(θ)

 . (24)
This result shows that here the optimal measurement for
the estimation of the mixing angle θ can be determined:
it is the direct mass measurement.
The result for the SLD in eq. (24) is surprising in the
sense that it does not depend on λt. However, it is easy
to check its validity. In fact, direct substitution shows
that the right-hand side of eq. (24) validates the SLD
defining equation (4). Then, the uniqueness result of the
6SLD Theorem in the Appendix guarantees that it must
necessarily be the SLD.
Continuing, we look at the behavior of the FI associ-
ated with the flavor measurement. Using the above SLD,
a calculation in the same spirit as in Section 3 gives
F
(λ)
flavor(θ) =
4 cos2(2θ)
[
1− e−λ2 t cos(δt)
]
2− sin2(2θ)
[
1− e−λ2 t cos(δt)
] . (25)
We note that in the λ −→ 0 limit of the above expression,
one obtains again the relation (16). Another interesting
feature is that the FI tends to a residual FI
Fres =
4 cos2(2θ)
1 + cos2(2θ)
. (26)
This is the FI after decoherence has taken place, which
is well below the upper limit given by the QFI at the
experimental value of the mixing angle. In fig. 3, we
contrast the behaviors of the FI for different λ. For values
of this parameter within the physically relevant range
λ ≤ δ, we see that the FI for population measurement is
still optimized periodically. This time, however, it never
reaches the maximum value established by the QFI. The
local maxima of the QFI reduce at each period.
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Figure 3. (color online) Plots of the QFI (solid) and the FI
associated with the flavor measurement at the experimental
value [9] of the mixing angle. Decoherence parameter λ taken
as 0 (dashed),
δ
10
(dotted), δ (dot-dashed) and 10δ (double-
dot-dashed).
Finally, let us analyse entanglement in this model.
This time, we can no longer rely on the von Neumann
entropy as in Section 3, since the system will be in a
mixed state for every t > 0. However, given that the
system is formally equivalent to a pair of qubits, we can
use the logarithmic negativity [28, 34] as a proper quan-
tifier of entanglement. Considering the QFI, since it is
again constant, we conclude it is also not enhanced here
by mode entanglement. In fig 4, we do the same compar-
ison between entanglement and the FI as we did in the
previous Section for different values of the decoherence
parameter λ. Again, the local maxima of the FI match
the local minima of the entanglement, showing that it
also does not contribute to the sensibility of the popula-
tion measurement protocol.
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Figure 4. (color online) Comparison between the flavor FI
(dashed) and the logarithmic negativity (solid) for different
values of λ: λ = δ
/
10 (top) and λ = δ (bottom).
V. CONCLUSIONS AND OUTLOOKS
We investigated the estimation of the mixing parame-
ter θ characterizing two-flavor neutrino oscillations from
a Quantum Estimation Theory perspective. For neutri-
nos initially in a definite flavor state, we considered two
types of models to describe the ensuing flavor oscilla-
tions: (1) the standard plane-wave approach; (2) a model
which takes into account the damping of quantum coher-
ences between the different mass states that compose the
flavor state. Since this type of “decoherence effect” al-
ways occurs to some extent in experiments, the results
obtained in the second case are the ones to relate to
the physical applications. In this case, we demonstrated
(Section 4) that the measurement scheme which realizes
the optimal precision limit established by the Quantum
Fisher Information can be determined to be the direct
mass measurement.
Direct detection of neutrino masses in oscillation ex-
periments is not within the reach of current technol-
ogy. But we also analyzed here the Fisher Information as-
sociated to the population measurement protocol, which
is the one employed to estimate θ. For both types of mod-
els, we saw (Sections 3 and 4) that this Fisher Informa-
7tion is optimized periodically. Equivalently, this means
that its local maxima occur at specific neutrino times-of-
flight. Therefore, although the usual flavor measurement
is not the one which realizes the QFI, it can in principle
be implemented with the best possible sensitivity to the
desired parameter θ. The strategy to do this would be to
place the detector at the local maxima of the Fisher In-
formation. This would be feasible, for instance, in short-
baseline oscillation experiments.
We also investigated how the single-particle, mode en-
tanglement in the oscillating neutrino system relates to
the Quantum Fisher Information and the Fisher Infor-
mation for direct flavor detection (Sections 3 and 4). We
showed that this entanglement does not enhance neither
of these quantifiers. In fact, we found in all the cases
considered that while the Quantum Fisher Information
does not change regardless of the entanglement variation
in time, the Fisher Information for population measure-
ment has its local maxima simultaneously with the en-
tanglement’s local minima. In particular, this shows that
entanglement is not always related to precision enhance-
ment in estimations tasks, specifically in single-particle
settings.
We have studied the two-flavor scenario because we of-
ten find closed analytic expressions for all quantities of
interest – which enable us to understand many aspects
of neutrino oscillations that certainly will be present in
more sophisticated models – and also due to its appli-
cability in some experimental oscillations settings. Nev-
ertheless, it should be interesting to make an analysis
similar to the one presented in this contribution for the
three-flavor scenario. This will allow us to obtain the lim-
its of precision in quantities that are the focus of future
neutrino oscillations experiments, like the CP phase δCP
and the mixing angle θ13 [11]. We are currently finish-
ing work on the three-flavor case and the estimation of
these parameters, which we intend to make available in
the near future.
Acknowledgments. E.N. would like to acknowledge
financial support from the Brazilian institution CAPES
(High-Level Staff Improvement Coordination). G.S. and
M.S. would like to thank the Departamento de Cieˆncias
Exatas e Tecnolo´gicas/UESC – Ilhe´us for the hospital-
ity and financial support during the development of this
work. M.S. also acknowledges financial support from the
Brazilian institutions CNPq and FAPEMIG (Fundac¸a˜o
de Amparo a` Pesquisa do Estado de Minas Gerais).
APPENDIX: COMPUTATION OF THE SLD AND
THE QFI
To begin with, we state and prove a theorem adapted
from [35] to be more suitable for applications in Quantum
Mechanics.
SLD theorem Let A be a non-negative matrix and M
be a matrix that has vanishing matrix elements in S0, the
invariant subspace of A associated with the eigenvalue 0,
if such a subspace exists. Then, the unique solution of
{X,A} =M (27)
that also vanishes in S0 is
Q =
∫ ∞
0
ds e−AsMe−As .
In order to show that this is true, notice first of all that
d
ds
[exp(−As)M exp(−As)] = −{A, e−AsMe−As}. (28)
Suppose that A has 0 as a eigenvalue. In this case, we
have
lim
s→∞
exp(−As) = Π0,
where Π0 is the projector onto S0. Then, it follows from
the hypothesis over M that
lim
s→∞
exp(−As)M exp(−As) = 0,
and therefore, that
∫ ∞
0
ds
d
ds
(exp(−As)M exp(−As)) = −{A,
∫ ∞
0
ds exp(−As)M exp(−As)}
=⇒M = {Q,A},
where Q is given by Q =
∫ ∞
0
ds exp(−As)M exp(−As)
and vanishes over S0. Of course, the same result
holds when A does not have 0 as an eigenvalue and
lim
s→∞
exp(−As) = 0. For the uniqueness, let Q′ be any
solution of eq. (27), that we assume to also vanish in S0
as Q above when A has 0 as an eigenvalue. Then, notic-
ing that (Q−Q′)A+A(Q−Q′) = 0, we see that we must
have
8d
ds
(e−As(Q −Q′)e−As) = 0,
=⇒ 0 =
∫ ∞
0
ds
d
ds
(e−As(Q −Q′)e−As) = Q′ −Q .
That is, Q′ = Q, completing the proof.
Now, we just apply the preceding theorem to eq. (4)
withM = 2∂λρλ and A = ρλ. We conclude that the SLD
and QFI are given directly in terms of these matrices by
the following simple integral representations:
Lλ = 2
∫ ∞
0
exp(−ρλs)(∂λρλ) exp(−ρλs)ds , (29)
and
H(λ) = 2Tr
∫ ∞
0
[(∂λρλ) exp(−ρλs)]2 ds. (30)
By writing the above relations in the basis that diago-
nalizes ρ, we get:
Lλ = 2
∑
n,m
〈ψm| (∂λρλ) |ψn〉
αm + αn
|ψm〉 〈ψn| ; (31)
H(λ) = 2
∑
n,m
|〈ψn| (∂λρλ) |ψm〉|2
αn + αm
, (32)
where the sum is over all terms with αn + αm 6= 0 and
ρλ =
∑
n
αn |ψn〉 〈ψn|.
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